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Event-Driven Molecular Dynamics

3.1 Idea and Motivation

The general idea of Molecular Dynamics, as it was discussed in detail in
Chap. 2, is to solve numerically Newton’s equation of motion simultaneously
for all particles i:

�̈ri =
1

mi

�Fi (�r1, �v1, . . . , �rN , �vN ) , (3.1)

This type of Molecular Dynamics is called force-based. This general scheme
has been successfully applied to the simulation of granular systems in many
situations; however, there are cases when force-based Molecular Dynamics is
less appropriate:

• In systems where the typical duration of a collision is much shorter than
the mean time between successive collisions of a particle, particles are very
rarely in contact with more than one other particle. Hence, most of the time
each of the particles propagates along a ballistic trajectory, interrupted by
collisions with other particles of very short duration. Therefore, the pair-
wise collisions of particles may be considered as instantaneous events and
each of these events may be treated separately. Examples of such systems
are granular gases [42], i.e., very dilute granular systems such as cosmic
dust clouds (see Sect. 3.10). Although force-based Molecular Dynamics is
applicable, in principle, to such systems, the computation is very inefficient.
If Newton’s equation of motion is integrated for an isolated pair of collid-
ing particles, the post-collision velocities �v ′

1/2 are obtained as functions of
the pre-collision velocities �v1/2. These functions can be used to set up an
event-driven Molecular Dynamics simulation.

• In some cases the detailed interaction force of granular particles is not
known as a function of the relative position |�r1 − �r2|, velocity |�v1 − �v2|, and
orientation because to derive this function, a microscopic description of the
particle material is required, i.e., a continuum mechanics description, which
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may be very complicated, such as those for nonlinear materials or compli-
cated particle shapes. Nevertheless, it is frequently possible to investigate
the pairwise particle collision experimentally and, hence, to determine ap-
proximations for the post-collision velocities as functions of the pre-collision
velocities.

The main assumption for applying event-driven Molecular Dynamics is that
at any time instant in the entire system, there occurs at most one collision
of infinitesimal duration. This collision alters the velocities of the involved
particles according to a collision law which is characterized by coefficients of
restitution (see Sect. 3.2). With the idealization of infinitesimal duration, these
coefficients describe the mechanics of pairwise particle collisions exhaustively.
Hence, the time-consuming simultaneous computation of the trajectories of all
particles according to (3.1) is unnecessary. During the time intervals between
collisions, the particles move along known ballistic trajectories. Therefore, the
positions of the particles at the time of the next collision can be computed in
one step. Obviously, this algorithm is much more efficient than force-based al-
gorithms since the numerical integration of the equations of motion is avoided.
Instead the dynamics of the system is determined by a sequence of discrete
events.

The enormous increase of the simulation speed is the main motivation
for replacing force-based algorithms by event-driven algorithms. Therefore
it has been applied not only to dilute granular gases but also to more dense
granular systems. The application of event-driven simulations is, however, not
always justified. A heap of steel spheres, simulated by event-driven Molecular
Dynamics could not conduct electrical current since at any time at most two
of the spheres can be in touch. Obviously, this is not an adequate description.
Under certain conditions, however, such algorithms may also be applied to
dense systems (see Fig. 3.1); for each case it has to be checked whether the@
event-driven description of the system dynamics is appropriate. In cases where
the idealization of isolated instantaneous collisions is not justified, force-based
Molecular Dynamics is necessary, as described in Chap. 2, or in the section
on Rigid-Body Dynamics (see Chap. 5).

In the present chapter event-driven Molecular Dynamics is applied to sys-
tems of identical spherical particles. The generalization to a polydisperse
medium is straightforward. Applications of the algorithm to more compli-
catedly shaped particles can be found, e.g., in [10, 191].

First we introduce the coefficients of restitution which describe pairwise
particle collisions and represent the central characteristics of event-driven al-
gorithms. Section 3.6 describes a simple algorithm which may be used for the
simulation of small systems. Finally, in Sect. 3.7 a more complex event-driven
algorithm is discussed, which is suited for the simulation of large systems of
millions of particles.
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Fig. 3.1. For the example of a high-energy ball mill filled with steel spheres, the
mean free flight time is certainly much larger than the duration of the collisions.
Hence, event-driven Molecular Dynamics is appropriate. This system has been sim-
ulated by Reichardt et al. [232] to partially replace experimental investigations. See
the book’s web site for animated sequences. The picture is taken from [232]

3.2 Collision of Particles

The relative velocity of colliding particles i and j at the point of contact, �gij ,
is determined by the translational and rotational particle velocities:

�gij =
(
�vi − �ωi × R�e n

ij

)− (�vj + �ωj × R�e n
ij

)
= �vij − R (�ωi + �ωj) × �e n

ij , (3.2)

with �vij ≡ �vi −�vj , R as the particle radius, and �e n
ij as the unit vector pointing

from particle j to particle i. The normal and tangential collision velocities are
given by the projections

�g n
ij =

(
�gij · �e n

ij

)
�e n

ij and �g t
ij = −�e n

ij × (�e n
ij × �gij

)
. (3.3)

The coefficients of restitution in normal and tangential direction, ε n and ε t,
are defined by(

�g n
ij

)′ = −ε n�g n
ij , with 0 ≤ εn ≤ 1(

�g t
ij

)′ = ε t�g t
ij , with − 1 ≤ εt ≤ 1 ,

(3.4)

where (as everywhere else in this section) the primed symbols denote the
post-collision values. (See the second item in Sect. 3.5.3 for the limits of εt.)
By means of the coefficients of restitution, the post-collision velocities can be
written as functions of the pre-collision velocities. We call this set of functions
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collision rule. For its derivation consider the point of contact as the center
of rotation. Since the contact area is assumed to be infinitesimally small,
none of the forces acting on the particles causes a torque. Consequently, there
is no angular momentum transfer between the particles. Thus, the angular
momentum relative to the contact point as the center of rotation is conserved
for each particle separately. Therefore, there are three vectorial conservation
laws, one for the linear momentum and two for the angular momomenta:

�v ′
i + �v ′

j = �vi + �vj (3.5)

mR�e n
ij × �v ′

i + J�ω′
i = mR�e n

ij × �vi + J�ωi (3.6)

mR�e n
ij × �v ′

j − J�ω′
j = mR�e n

ij × �vj − J�ωj . (3.7)

Solving (3.6) and (3.7) for �ω′
i and �ω′

j, we obtain

�ω′
i = �ωi − mR

J
�e n

ij × (�v ′
i − �vi) , �ω′

j = �ωj +
mR

J
�e n

ij ×
(
�v ′

j − �vj

)
, (3.8)

and using the definition of �g ′
ij (analogue to (3.2) but all quantities primed)

we find

�g ′
ij = �v ′

ij − R
(
�ω′

i + �ω′
j

)× �e n
ij

= �v ′
ij − R (�ωi + �ωj) × �e n

ij +
mR2

J
�e n

ij ×
[
�e n

ij ×
(
�vij − �v ′

ij

)]
.

(3.9)

Subtracting (3.9) from (3.2) yields

�g ′
ij − �gij = �v ′

ij − �vij − 1
J̃

�e n
ij ×
[
�e n

ij ×
(
�v ′

ij − �vij

)]
, (3.10)

with the reduced moment of inertia J̃ ≡ J/mR2. This result implies

�e n
ij ·
(
�g ′

ij − �gij

)
= �e n

ij ·
(
�v ′

ij − �vij

)
(3.11)

since the second term of the right hand side of (3.10) is perpendicular to �e n
ij .

The corresponding vector product reads

�e n
ij × (�g ′

ij − �gij

)
= �e n

ij ×
[
�v ′

ij − �vij − 1
J̃

{
�e n

ij

[
�e n

ij

(
�v ′

ij − �vij

)]− (�v ′
ij − �vij

)}]

=
J̃ + 1

J̃
�e n

ij ×
(
�v ′

ij − �vij

)− 1
J̃

�e n
ij ×
{
�e n

ij

[
�e n

ij ·
(
�v ′

ij − �vij

)]}
=

J̃ + 1
J̃

�e n
ij ×
(
�v ′

ij − �vij

)
, (3.12)

where the general representation of an arbitraryvector �x,

�x = �e (�e · �x) − �e × (�e × �x) , (3.13)
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with �e being a unit vector, is used. Since �e n
ij ×�e n

ij = 0, the second term in the
second line of (3.12) does not contribute to the right hand side. By means of
(3.11), (3.12), and the definitions (3.3) and (3.4), �v ′

ij −�vij can be represented
in the form (3.13):

�v ′
ij − �vij = �e n

ij

[
�e n

ij ·
(
�g ′

ij − �gij

)]
+

J̃

1 + J̃
�e n

ij ×
[
�e n

ij ×
(
�g ′

ij − �gij

)]

=
(
�g n

ij

)′ − �g n
ij +

J̃

1 + J̃

[(
�g t

ij

)′ − �g t
ij

]

= − (1 + εn)�g n
ij +

J̃

1 + J̃

(
εt − 1

)
�g t

ij .

(3.14)

Using the definition �v ′
ij ≡ �v ′

i − �v ′
j and conservation of momentum, �v ′

i + �v ′
j =

�vi + �vj , the post-collision velocities can be expressed in terms of the pre-
collision velocities and �v ′

ij − �vij :

2�v ′
i = 2�vi + �v ′

ij − �vij

2�v ′
j = 2�vj + �vij − �v ′

ij .
(3.15)

The post-collision angular velocities follow from the conservation of angular
momentum, according to (3.8).

Combining (3.14) with (3.15) for the linear motion, with (3.8) for the
rotation, and using �e n

ij × �g n
ij = 0 yields the collision rule:

�v ′
i = �vi − 1 + εn

2
�g n

ij +
J̃ (εt − 1)

2
(
J̃ + 1

)�g t
ij

�v ′
j = �vj +

1 + εn

2
�g n

ij −
J̃ (εt − 1)

2
(
J̃ + 1

)�g t
ij

�ω′
i = �ωi − εt − 1

2R
(
J̃ + 1

) (�e n
ij × �g t

ij

)

�ω′
j = �ωj − εt − 1

2R
(
J̃ + 1

) (�e n
ij × �g t

ij

)

(3.16)
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3.3 Uniqueness of the Collision Rule

Let us reconsider the problem solved in this section: the equations (3.16)
provide a solution for 12 unknown variables, namely 2×3 velocity components
and 2×3 components of the angular velocity. To provide a unique solution, 12
scalar equations are, thus, necessary. So let us count the number of equations.

For a general collision, in the absence of external forces and moments,
there are 6 equations corresponding to the conservation of total linear mo-
mentum (3.5) and total angular momentum. For conservative systems there
is an additional equation for the total energy. But granular systems are not
conservative. The latter equation is, thus, replaced by equations involving the
coefficients of restitution (see below).

Consequently, at first glance the system looks underdetermined, as 6 equa-
tions are missing. For the derivation of (3.16), however, further assumptions
have been made: The hard-sphere assumption implies point-like contact of
the colliding particles which implies in its turn that the angular momentum
is conserved for both particles separately. Thus, instead of three equations for
the total angular momentum, there are six equations (3.6) and (3.7). Still,
three equations are missing.

These three equations correspond to energy. As a particularity, here it is
distinguished between energy dissipation of the normal motion, characterized
by εn and energy dissipation of the tangential motion, characterized by εt.
How can these two coefficients represent three equations? Let us define a
coordinate system whose z-axis is aligned with the direction �ri − �rj , i.e.,
with the direction normal to the particle contact. The x-axis is parallel with
the tangential velocity, gt, and the y-axis is perpendicular to gt and �ri − �rj .
Therefore, the pre- and post-collision velocities in the z-direction are related
by εn, the velocities in the x-direction are governed by εt, and the velocity in
the y-direction is zero before and after the collision. Thus, indeed, εn and εt

stand for three equations.
Hence, there is no magic behind the derivation of (3.16): from 12 equations,

12 post-collision velocities are determined.
There are two idealizing assumptions which have been exploited for this

derivation. First, it was assumed that the energy dissipation is governed by
three separate equations, whereas in real mechanical systems the energy con-
sumption is governed by one equation only. This statement implies that the
coefficients of restitution in the normal and tangential direction, εn and εt, are
not independent from each other (see also Sect. 3.5.3). The second assump-
tion concerns the point-like contact: realistic materials interact by deforming
each other, thus the contact area is not point-like. Therefore, the particles
exert torques on each other and the angular momentum is not conserved sep-
arately for each particle. To abstain from the assumption of point-like contact
requires the full solution of the contact of rotating soft spheres (including
surface interaction), which is, as of now, an unsolved problem. Insofar, (3.16)
is an approximation.
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3.4 Sketch of the Algorithm

Using the collision rule (3.16), an algorithm for the simulation of a many-
particle system is obtained:

1. Initialize the positions �ri, velocities �vi, and angular velocities �ωi of all N
particles at time t = 0.

2. Determine the time t∗ > 0 when the next collision in the system occurs,
i.e., the time

t∗ = min (tij > 0 : |�ri (tij) − �rj (tij)| = 2R , i, j = 1, . . . , N) . (3.17)

3. Determine the positions of all particles at time t∗. In the absence of ex-
ternal fields these positions are given by

�ri := �ri + (t∗ − t)�vi , where i = 1, . . . , N , (3.18)

or for a constant external field, e.g., gravity �G, by

�ri := �ri + (t∗ − t) �vi +
1
2

�G (t∗ − t)2 , where i = 1, . . . , N . (3.19)

4. Compute the new velocities and angular velocities of the colliding particles
I and J by means of (3.16):

�vI := �vI (�vI , �vJ , �ωI , �ωJ)
�vJ := �vJ (�vI , �vJ , �ωI , �ωJ)
ωI := ωI (�vI , �vJ , �ωI , �ωJ)
ωJ := ωJ (�vI , �vJ , �ωI , �ωJ) .

(3.20)

5. Update the system time

t := t∗ . (3.21)

6. Proceed with step 2 of the algorithm.

Compared with force-based algorithms (see Chap. 2) this algorithm is favor-
able in several respects:

1. The interaction force as a function of the particle positions and velocities
is not needed. The coefficients of restitution εn and εt may be determined
experimentally as functions of the relative velocity �gij and can be used in
the form of fit-formulae.

2. The computational effort is determined by the number of collisions. No
computer time is needed to compute the particle positions and velocities
between collisions. In contrast to force-based Molecular Dynamics, the
system time does not propagate by a fixed (or adaptive) time step but
according to the sequence of collision events. Therefore, such algorithms
are called event-driven algorithms. The lower the particle number den-
sity of the system, the more efficiently event-driven Molecular Dynamics
performs as compared with force-based Molecular Dynamics.
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As the main condition for the application of event-driven Molecular Dynamics
it is required that at each point in time no more than one collision occurs. This
condition is identical with the premise that collisions occur instantaneously,
i.e., the duration of collisions is negligible. This assumption is an idealization
since elastic collisions of spheres (εn = 1) last for [119]

t el
coll ∝ g−1/5 , (3.22)

and (at the same elastic constant) dissipative collisions last even longer [261,
262]. A method which partially considers the duration of collisions was pro-
posed in [167].

3.5 Coefficients of Restitution

3.5.1 Coefficient of Normal Restitution εn

Frequently it is assumed that the coefficients of restitution εn and εt are
material constants. We wish to stress that this assumption is in contradiction
with empirical data. Experiments showed that both coefficients vary with
the impact velocity. Figure 3.2 shows the normal coefficient of restitution of
colliding ice spheres at very low temperature [36]. Clearly this dependency
should not be approximated by a constant. Moreover, the assumption of a
constant coefficient of restitution is not in agreement with the mechanics of
materials [165,166, 229, 274].

The coefficients of restitution can be analytically derived, provided the in-
teraction forces between colliding spheres are known. The most simple approx-
imation for the deformation of a material, viscoelastic deformation, assumes

0 1 2 3 4 5
g [cm/sec]

0.2

0.3

0.4

0.5

ε

theory
experiment by Bridges et al. (1984)

Fig. 3.2. The normal coefficient of restitution as a function of the normal im-
pact velocity (g t

ij = 0). Dashed line: experimental data for ice spheres at very low
temperature [36]; solid line: theoretical result for viscoelastic particles in Padé ap-
proximation of (3.25) [229]
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the conservative part of the stress depending linearly on the deformation and
the dissipative part of the stress depending linearly on the deformation rate.
The assumption of viscoelastic deformation is justified for dry and electrically
neutral granular material, provided the collision velocity is small enough to
avoid plastic deformation, fragmentation, and a nonlinear stress-strain rela-
tion. On the other hand it must be large enough to render surface forces such
as van der Waals forces negligible.

For colliding viscoelastic spheres with interaction force (2.12), the equation
of motion reads [44]

ξ̈ +
2 Y

√
Reff

3 meff (1 − ν2)

(
ξ3/2 + A

√
ξξ̇
)

= 0 , ξ̇(0) = gn , ξ(0) = 0 , (3.23)

where ξ(t) ≡ Ri +Rj−|�ri(t) − �rj(t)| is the deformation of the particles during
the collision (see Sect. 2.1.4 and [44] for further details).

Solving the differential equation (3.23) for ξ(t), with the definition (3.4)
yields

εn =
ξ̇ (tc)
ξ̇ (0)

, (3.24)

where tc is the duration of the collision. The integration of (3.23) yields the
result [262]

εn (gn) = 1 + C1 Aρ 2/5g 1/5 + C2 A2ρ 4/5g 2/5 + · · ·
≡ 1 + C∗

1 g 1/5 + C∗
2 g 2/5 + · · · ,

(3.25)

with

ρ ≡ 2Y

3(1 − ν2)

√
Reff

meff
. (3.26)

The coefficients Ci are known numerical constants:

C1 ≈ −1.15344 , C2 ≈ 0.79826 , C3 ≈ −0.48358 , C4 ≈ 0.28528 . (3.27)

From the very good agreement of the experimental and theoretical data it
may be concluded that the assumption of viscoelastic material properties is
justified in a wide interval of impact velocities. For practical purposes it might
be favorable to use a Padé approximation of (3.25) as given in [229] to assure
the correct limit limgn→∞ εn (gn) = 0. Figure 3.2 shows the function (3.25) in
Padé approximation together with the experimental result.

Using (3.25) the normal coefficients of restitution can be computed directly
from the particle radii and from material properties, namely, the Young mod-
ulus Y , the Poisson ratio ν, and the dissipative constant A which is a function
of the material viscosity [44]. The latter quantity, however, is difficult to find
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in tables of material properties. The measurement of the coefficient of resti-
tution is a complicated experimental problem, in particular for small impact
velocity (e.g., [35, 36]).

It has been shown recently that the material deformation due to a collision
of spheres is intimately related to the deformation due to the rolling motion
of a sphere on a plane [37]. Correspondingly, the coefficient of restitution
describing the loss of energy in collisions is directly related to the rolling
friction coefficient µroll for a viscous sphere on a hard plane. This coefficient
characterizes the torque acting opposite to the rolling motion due to rolling
friction, M = µrollF

n. (Here F n is the normal force exerted by the plane onto
the sphere caused by the sphere’s own weight m.) Both coefficients are related
via [38]

k =
1 − εn

(ρ/m)2/5 (gn)1/5
=

µroll

V
, (3.28)

where

k =
24/5 52/5

3
√

π

Γ (21/10)
Γ (3/5)

≈ 0.438 (3.29)

and V is the sphere’s linear velocity in the direction of rolling.
The relation (3.28) allows us to determine the coefficient of restitution by

measuring the resistance of a sphere against rolling on a hard plane which
might be experimentally less complicated.

3.5.2 Tangential Coefficient of Restitution εt

The interaction force in the tangential direction of colliding viscoelastic
spheres whose surfaces are covered by small asperities of random size has
been derived in [44]. The derivation is rather technical and we do not want
to discuss the details here. Instead we restrict ourselves to a more qualitative
discussion of the corresponding tangential coefficient of restitution. Contrary
to the normal coefficient, the tangential coefficient is a function of both com-
ponents of the impact velocity.

Figure 3.3 shows εt as a function of the components of the impact velocity
according to the analytical expression taken from [44]. The gn–gt plane reveals
two domains that characterize qualitatively different types of collisions:

(a) Sliding motion (εt > 0) for small gn and large gt

(b) Reversion of the rotation (εt < 0) for small gt and large gn

For small normal and large tangential velocity (case a), the particles slide
upon each other, i.e., εt > 0. This behavior is plausible since a small normal
component gn implies small normal force and, thus, with regard to Coulomb’s
friction law, a small maximal tangential force is the result. Therefore, εt → 1
for gn → 0 due to the vanishing tangential force. The size of the area in
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Fig. 3.3. Tangential coefficient of restitution as a function of the normal and tan-
gential component of the impact velocity for certain material and surface properties
[44]

the gn–gt plane which corresponds to the sliding particle contact depends
on the surface roughness (characterized by the amplitude and frequency of
asperities, see the model used in [44]). In the opposite case (b) a large normal
force allows for the transfer of a large torque between the surfaces of the
particles. Consequently the particles do not slide on each other but just roll
as gear wheels. Depending on the tangential velocity the resulting torque
may be large enough to revert the orientation of the rotation, provided the
normal force caused by gn is large enough. This mechanism explains why
εt may be negative. The reversion of the rotation direction can actually be
observed when throwing a rubber ball (superball) at a certain angle against
the ground. The behavior of the ball may be so surprising that we are not
able to catch it. In the case of the superball the negative tangential coefficient
of restitution is not caused by surface roughness but by strong adhesive forces
between the rubber and a smooth surface; however, the result is very similar.
Perfect reversion of the rotation, gt(t∗) = −gt (0), cannot be achieved since
the necessary pressure in the normal direction (to avoid sliding and allow for
a large torque) also causes viscous deformation of the particle in the normal
direction, i.e., loss of kinetic energy.

The domains of different behavior in the gn–gt plane are separated by
a rather sharp border which becomes more obvious when plotting the data
from Fig. 3.3 in a different representation (Fig. 3.4). The larger gn, the larger
the critical tangential component of the impact velocity gt

cr for which the
surfaces start to slide. A larger normal component gn causes a larger normal
force, hence, a larger tangential velocity is necessary to overcome the surface
asperities and to start the sliding motion.

The model includes a continuous transition from negative εt, correspond-
ing to very rough spheres (like gear wheels), to the limit of perfectly sliding
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Fig. 3.4. Same data as in Fig. 3.3 drawn as contour plot. The two domains of
qualitatively distinct behavior are separated by a rather sharp border

spheres (εt → 1). In (force-based) Molecular Dynamics of granular materials
the tangential motion is frequently modeled by the force law (2.18), which has
been proposed in a similar form in [107]:

F t = min
{−γt

∣∣gt
∣∣ , µF n

}
. (3.30)

This force law implies a transition between two different regimes, which agrees
with the discussed domains of εt in the gn–gt plane. A detailed quantitative
discussion of the presented model for the tangential coefficient of restitution
can be found in [44].

3.5.3 Relation between εn and εt

Let us add two comments on the relation between εn and εt:

1. Frequently in literature the tangential coefficient of restitution is ne-
glected, i.e., εt = 1. It is said the particles are assumed to be “ideally
smooth.” However, even for the case of ideally smooth spheres, εt is smaller
than 1 except for perfectly elastic particles (εn = 1) for the following rea-
son: the normal coefficient of restitution εn as discussed in Sect. 3.5.1 is
a direct consequence of the deformation rate ξ̇ of the particle material.
Hence if the particle surfaces have a tangential relative velocity, i.e., if they
rotate in a compressed state during the collision, an additional deforma-
tion rate arises due to the rotation. This causes a viscous stress which
counteracts the rotation [37, 38], i.e., there is a torque which decelerates
the rotation and, thus, slows down the relative tangential motion. Accord-
ing to the definition of εt, (3.4), the slowing of the tangential motion at
the collision implies εt < 1. Therefore, two spheres which meet at gt �= 0
always exert a torque on each other, even if they are perfectly smooth,
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i.e., the collision always changes their angular velocities. The simultaneous
assumptions εn �= 1 and εt = 1 are, thus, inconsistent.
Virtually the entire kinetic theory of granular gases (see, e.g., [42]) is
based on the assumption εn < 1 while εt = 1. This simplification is
owed exclusively to the enormous mathematical complication which comes
along with the incorporation of the correct (velocity dependent) tangential
coefficient of restitution. At the present time it is not feasible to develop
a full kinetic theory of granular gases including a realistic εt (gn, gt).

2. The limits of the coefficients εn and εt as given in (3.4) are deduced
from the natural assumption that both components of the relative velocity
diminish after a dissipative impact. It has been recently shown, however,
that the normal coefficient of restitution can be larger than one under
conditions of strong coupling between the rotational and translational
motion [164].

3.6 Simple Algorithm
for Event-Driven Molecular Dynamics

3.6.1 Overview

The compilation of an efficient algorithm for event-driven Molecular Dynam-
ics is an ambitious project. Before such an algorithm is discussed in Sect. 3.7,
a very simple algorithm is first described, which serves to explain the essential
ingredients and also the problems which appear in event-driven Molecular Dy-
namics algorithms. To this end we strictly adhere to the algorithm as outlined
in Sect. 3.4.

For simplicity of the notation and brevity of the program code, we re-
strict ourselves to identical spherical particles and assume that the rotational
degree of freedom may be neglected (see Sect. 3.5.3 for a discussion of this
idealization). This idealization is frequently made in the Kinetic Theory of
granular gases [42]. Consequently only the normal coefficient of restitution
ε ≡ εn appears. Moreover it is assumed that the particles move in a quadratic
box of size 2×Lbox. The corners of the box are located at (-Lbox,-Lbox),
(-Lbox,Lbox), (Lbox,Lbox), and (Lbox,-Lbox). For the generalization to
rotating spheres and to individual particle radii Ri, the collision law (3.16)
has to be generalized accordingly. The generalization to different container
geometry and even to three-dimensional systems is straightforward as well;
the algorithm follows the same idea as outlined in the present chapter.

The following Sects. 3.6.2–3.6.6 first describe some useful functions which
are assembled in Sect. 3.6.7 to obtain the complete event-driven Molecular
Dynamics program.
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3.6.2 Force-Free Motion of Particles

In the absence of external fields the particles move between particle–particle
or particle–wall collisions with constant velocity along straight lines. During
the time tprop they cover the distance �vi tprop.

eventsimple.cc

1 void propagation(double tprop)
2 {
3 for(int i=0; i<N; i++){
4 x[i]+=tprop*vx[i];
5 y[i]+=tprop*vy[i];
6 }
7 }

to be continued

The function propagation() shown above is only applicable if there are no
external forces. For the case of a constant force with acceleration �a, the prop-
agation rule

�ri := �ri + tprop �vi +
1
2
t2prop�a (3.31)

has to be implemented.

3.6.3 Pairwise Particle Collisions

The collision law (3.16) allows us to compute the post-collision velocities of a
pair of rough spherical particles as functions of their pre-collision velocities.
For ideally hard spheres which are assumed to not transfer torques, the post-
collision velocities of colliding spheres are determined from the pre-collision
velocities by the simpler rule:

�vi = �vi − 1 + ε

2
[
(�vi − �vj) · �e n

ij

]
�e n

ij

�vj = �vj +
1 + ε

2
[
(�vi − �vj) · �e n

ij

]
�e n

ij .

(3.32)

This transformation is computed by collision():
eventsimple.cc

8 void collision(const pair<int,int> & ij)
9 {

10 int i=ij.first;
11 int j=ij.second;
12 double dx = x[i]-x[j];
13 double dy = y[i]-y[j];
14 double dist=sqrt(dx*dx+dy*dy);
15 double ndx=dx/dist;
16 double ndy=dy/dist;
17 double h=(1+eps)*((vx[i]-vx[j])*ndx+(vy[i]-vy[j])*ndy)/2;
18

19 vx[i]-=h*ndx;
20 vy[i]-=h*ndy;
21 vx[j]+=h*ndx;
22 vy[j]+=h*ndy;
23 }

to be continued
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The argument ij of this function is the pair<int,int> of indices i and j
of the collision partners. The program modifies the velocities of the colliding
particles, vx[i], vy[i], vx[j], and vy[j] according to (3.32).

To determine the following collision, a function is needed to assess whether
two particles i and j collide if they continue their motion at their present
velocities. If they collide, the equation∣∣[�ri + (t∗ − t) �vi] − [�rj + (t∗ − t) �vj ]

∣∣ = Ri + Rj (3.33)

has a solution t∗ with t∗ > t, where t is the present time. With �rij ≡ �ri − �rj ,
�vij ≡ �vi − �vj , and Rij ≡ Ri + Rj we obtain

(t∗ − t)2 + 2 (t∗ − t)
�rij · �vij

�v 2
ij

+
�r 2

ij − R2
ij

�v 2
ij

= 0 . (3.34)

The necessary condition for a collision is

�rij · �vij < 0 , (3.35)

i.e., the particles must approach each other. The particles meet if the quadratic
equation (3.34) has a solution, i.e., if

[
�rij · �vij

�v 2
ij

]2
+

R 2
ij − �r 2

ij

�v 2
ij

> 0 . (3.36)

If both conditions (3.35) and (3.36) are fulfilled, the particles collide at
time t∗.

The function ppcoll() computes the collision time t∗ in case the particles
collide, otherwise the function yields ∞ (constant infty in the program), i.e.,
a very large number which is considered as infinity. Section 3.6.6 describes
how to setup a list of all possibly occurring collisions. To keep this list short,
we aim to exclude redundant entries. Therefore, the function ppcoll() yields
infty too if the location of the collision is outside the simulation area.

eventsimple.cc

24 double ppcoll(int i, int j, double tol)
25 {
26 double dx,dy,dvx,dvy,xci,xcj,yci,ycj,scalar,h,p,q,w,ct;
27 double dist2,RR,vv2;
28

29 dx=x[i]-x[j];
30 dy=y[i]-y[j];
31 dvx=vx[i]-vx[j];
32 dvy=vy[i]-vy[j];
33 scalar=dx*dvx+dy*dvy;
34 if(scalar>0){
35 return infty;
36 } else{
37 dist2 = dx*dx+dy*dy;
38 RR = (dist2>=R*R ? R : R-tol);
39 vv2 = dvx*dvx+dvy*dvy;
40 q = dist2-4*RR*RR;
41 w = scalar*scalar - q*vv;
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42 if(w<0){
43 return infty;
44 } else {
45 ct=Time+q/(-scalar + sqrt(w));
46 xci=x[i]+(ct-Time)*vx[i]; xcj=x[j]+(ct-Time)*vx[j];
47 if((xci>Lbox-R)||(xci<-Lbox+R)||(xcj>Lbox-R)||(xcj<-Lbox+R)){
48 return infty;
49 } else {
50 yci=y[i]+(ct-Time)*vy[i]; ycj=y[j]+(ct-Time)*vy[j];
51 if((yci>Lbox-R)||(yci<-Lbox+R)||(ycj>Lbox-R)||(ycj<-Lbox+R)){
52 return infty;
53 } else {
54 return ct;
55 }
56 }
57 }
58 }
59 }

to be continued

The third argument tol of ppcoll() is a very small number of the order
10−10 (as compared with the particle radius), which is used for the prevention
of numerical errors. Its application will be explained below. For tol=0 the
program computes the collision time t∗ as given by (3.34). The latter equation
has two real solutions, provided the condition (3.36) is fulfilled; for our purpose
only the solution with the smaller value is relevant. The quadratic equation
(3.34) can be solved by the standard formula

t∗ − t = −�rij · �vij

�v 2
ij

−

√√√√(�rij · �vij

�v 2
ij

)2

+
R2

ij − �r 2
ij

�v 2
ij

. (3.37)

The numerical evaluation of (3.37) in a computer algorithm is, however, prob-
lematic for very small distances on the particle surfaces (�r 2

ij − R2
ij � R2

ij).
In this case the difference of two almost equal numbers has to be computed,
which may lead to large numerical errors. The expression

t∗ − t =
�r 2

ij − R2
ij

−�rij · �vij +
√

(�rij · �vij)
2 + �v 2

ij

(
R 2

ij − �r 2
ij

) (3.38)

is mathematically equivalent to (3.37), but avoids numerical problems even
for small distances between the particles [91].

When employing this trick the numerical error is only reduced, it can never
be eliminated completely. Due to such errors it may happen that the numerical
value of (3.38) is a tiny bit larger than the exact value. Therefore, if the system
is propagated to the new positions at time t∗ (which is a tiny bit too large
as well) both particles overlap by a small fraction of their radii (which can
be as small as 10−12). This situation is not allowed as per the assumptions
of event-driven Molecular Dynamics. These overlaps are a serious problem. In
Sect. 3.6.9 the effect of numerical errors are discussed in detail.

One method to avoid such illegal overlaps is to assign each particle two
radii. One is the normal radius R, the other radius is smaller by the small num-
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ber tol. If two particles are closer than 2R to each other at the time of calcula-
tion of their potential collision, the radii of both are temporarily reduced. This
allows us to process the collision of both particles in the regular way. An error
can only occur if the numerical problem persists and the particles collide with
another particle (with overlap) before separating from each other, i.e., before
acquiring a distance of 2R. This situation is extremely unlikely if the energy
loss per collision is small. Since tol is a very small number, the diminution of
a few particles does not affect the system properties. In the main program the
function ppcoll() is called with null as the tolerance. The parameter null
is defined as a constant there, e.g., const double null=10e-10;.

For the case of a constant external field such as gravity, (3.33) remains
unaffected since the acceleration �a drops out of the equation:∣∣∣∣∣

[
�ri + (t∗ − t) �vi + (t∗ − t)

�a

2

]
−
[
�rj + (t∗ − t) �vj + (t∗ − t)

�a

2

]∣∣∣∣∣
= |[�ri + (t∗ − t) �vi] − [�rj + (t∗ − t) �vj ]| = Ri + Rj . (3.39)

Hence, the first part of ppcoll() which determines the collision time t∗ is
also correct if there are constant and uniform external fields. The locations,
where the collisions take place, change if external fields are taken into ac-
count, however. Therefore, the last part of the function has to be modified
accordingly.

If the external field is not uniform, e.g., for central forces, the collision
time can be computed only approximately.

3.6.4 Wall Collisions

It is assumed here that particles are reflected elastically when they collide
with the wall:

eventsimple.cc

60 void wcollision(int i)
61 {
62 if( y[i]<0){
63 if((y[i] > x[i]) || (y[i] > -x[i])){
64 vx[i]=-vx[i];
65 } else{
66 vy[i]=-vy[i];
67 }
68 } else {
69 if((y[i] < -x[i]) || (y[i] < x[i])){
70 vx[i]=-vx[i];
71 } else{
72 vy[i]=-vy[i];
73 }
74 }
75 }

to be continued

In the case of an elastic collision only the concerned velocity component
changes its sign. To simulate inelastic reflection or to apply a certain granular
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temperature at the wall (see Sect. 3.8.3), wcollision() has to be modified.
Periodic boundary conditions can also be simulated (see Sect. 3.8.2), the im-
plementation is discussed in Sect. 3.10.

Similar to particle–particle collisions, wall collisions are events too since
velocities of particles are modified. Hence, for each particle of the system the
time has to be determined when it collides with one of the walls, provided it
continues its motion at its present velocity. The collision time is determined
by

tx =

{
collision time right, if vx(i) > 0
collision time left, if vx(i) < 0

ty =

{
collision time top, if vy(i) > 0
collision time bottom, if vy(i) < 0

t∗ = min (tx, ty) .

(3.40)

This time is computed by pwcoll():
eventsimple.cc

76 double pwcoll(int i,double tol)
77 {
78 double tx, ty;
79 double RR = R;
80

81 if((Lbox+x[i]>R) || (Lbox-x[i]<R) || (Lbox+y[i]>R) || (Lbox-y[i]<R)) {
82 RR=R-tol;
83 }
84 if(vx[i]==0){
85 tx=infty;
86 } else {
87 if(vx[i] >0) {
88 tx=(Lbox-x[i]-RR)/vx[i];
89 } else {
90 tx=(-Lbox-x[i]+RR)/vx[i];
91 }
92 }
93 if(vy[i]==0){
94 ty=infty;
95 } else {
96 if(vy[i] >0){
97 ty=(Lbox-y[i]-RR)/vy[i];
98 } else {
99 ty=(-Lbox-y[i]+RR)/vy[i];

100 }
101 }
102 return Time+min(tx,ty);
103 }

to be continued

Again, the parameter tol is used to prevent numerical errors (see Sect. 3.6.3).
For the case of external fields, the acceleration has to be taken into account
for the computation of the collision times of the particles with the wall.
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3.6.5 Initialization

As a simple random initialization of the particle positions and velocities,
in init() the particles are assigned random positions inside the simulation
area with the only constraint that mutual overlaps are not permitted. Finally
update() is called (discussed later) for all particles to initialize the collision
list.

eventsimple.cc

104 void init(double tol)
105 {
106 bool overlap;
107 int j;
108

109 x[0]=ranf(Lbox-R-tol);
110 y[0]=ranf(Lbox-R-tol);
111 vx[0]=ranf(1);
112 vy[0]=ranf(1);
113 for(int i=1; i<N; i++){
114 if(!(i % 100 )) cout << "Init "<< i << endl;
115 do{
116 overlap=false;
117 x[i]=ranf(Lbox-R-tol); y[i]=ranf(Lbox-R-tol);
118 j=0;
119 do{
120 overlap=((x[i]-x[j])*(x[i]-x[j])+(y[i]-y[j])*(y[i]-y[j])<
121 4*(R+tol)*(R+tol));
122 } while((++j<i) && !overlap);
123 } while(overlap);
124 vx[i]=ranf(1);
125 vy[i]=ranf(1);
126 }
127 for(int i=0; i<N; i++) update(i);
128 }

to be continued

This simple initialization function is of numerical complexity O(N2), there-
fore, it is applicable only for dilute systems with a rather small particle number
of up to about N = 104. For larger number of particles or for systems of larger
density, more sophisticated initialization schemes are necessary.

3.6.6 Schedule of Collision Times

As outlined in Sect. 3.2 at each moment one needs to know the next occurring
particle–particle or particle–wall collision. In principle, after each collision
the collision times for all N(N − 1)/2 pairs of particles could be recomputed
using ppcoll() and all N times of wall collisions using wcollision(). The
succeeding event is then the particle–particle or the particle–wall collision that
corresponds to the minimum of these times.

Although formally correct, this algorithm is very inefficient. Here we as-
sume we have a list of all possible collisions, i.e., their times and the involved
collision partners. When a collision of particles i and j occurs, the collision
list stays almost correct. Only entries where either i or j is a collision part-
ner become invalid since their velocity vectors have just changed. Instead of
reconstructing the entire event list it is sufficient to remove all invalid entries
from the list and insert all new events involving i and j.
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To remove the invalid entries of particle i, the entire collision list could
be searched for entries where i is involved. These entries can be found more
efficiently if each particle has a vector clist which contains the times when
this particle is involved in collisions.

In the main program (see p. 156) the collision list cseq is defined as
map<double,pair<int,int>>. The first template parameter (the key) is the
argument (the index), the second parameter is the value. The argument of
the collision list is the collision time and the according value is the pair of
colliding particles. The function update() keeps the list cseq and the vectors
vector<double> clist[N] updated.

eventsimple.cc

129 void update(int i)
130 {
131 double ct;
132

133 for(unsigned int ii=0; ii!=clist[i].size(); ii++) cseq.erase(clist[i][ii]);
134 clist[i].clear();
135 for(int j=0; j<N; j++){
136 if(i!=j){
137 ct=ppcoll(i,j,null);
138 if(ct < infty){
139 cseq[ct]=pair <int, int> (i,j);
140 clist[i].push_back(ct);
141 clist[j].push_back(ct);
142 }
143 }
144 }
145 ct=pwcoll(i,null);
146 if(ct < infty){
147 cseq[ct]=pair<int, int>(i,-1);
148 clist[i].push_back(ct);
149 }
150 }

to be continued

The argument of the function is the index i of a particle whose velocity has
changed. First, cseq.erase(clist[i][ii]) removes all entries from the col-
lision list cseq whose collision times are recorded in the vector clist[i].
Since at each time there occurs at most one collision, i.e., the keys are unique,
this procedure is an elegant and efficient way to erase all invalid entries from
the collision list. Finally in line 134 the vector clist[i] is emptied. Then the
collisions of particle i with all other particles j = 0 . . .N − 1 are predicted.
If the particles collide (ct!=infty), the pair pa of i and j is stored in cseq.
The corresponding collision time ct is added to the vectors clist[i] and
clist[j], which allows us to remove this entry at a later time as described
above, in the same way the time of the wall collision is recorded. To distin-
guish between a particle–particle collision and a collision with the wall, the
second collision partner pa.second is assigned the value -1 for the case of a
wall collision.

Whenever the velocity of a particle i is modified it is sufficient to call
the function update(i) to update the collision list. Consequently for each
particle–particle collision, update() has to be called twice, i.e., once for each
collision partner.
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3.6.7 Main Program

In the preceding sections, all important parts of the event-driven Molecular
Dynamics have been described and can now be assembled to a complete pro-
gram. First we define the function prototypes and the constants and variables:

N Number of particles.
nstep Total number of collisions to be computed.
nps Interval for the output of snapshots of the simulation in Postscript

format.
nprint Interval for the output of the total energy.
noverlap Interval for the test if particles overlap.
pssize Scaling factor for the snapshots.
R Particle radius.
eps Coefficient of normal restitution.
Lbox Size of the simulation area. The area ranges from -Lbox to Lbox

in both spatial directions.
infty Very large number which is interpreted by the program as ∞.
null Very small number which is used to prevent numerical errors.

eventsimple.cc

151 #include <iostream>
152 #include <fstream>
153 #include <vector>
154 #include <map>
155

156 const int N=3000, nstep=2000000000, nps=50000, nprint=1000, noverlap=10000;
157 const double R=1, eps=0.95, Lbox=150, pssize=500;
158 const double infty=1e20, null=1e-10;
159

160 vector<double> x(N),y(N),vx(N),vy(N);
161 vector<double> clist[N];
162 double Time=0;
163 map<double,pair<int,int> > cseq;
164

165 ofstream fps("event.ps"), fenergy("kinenergy");
166

167 void init(double);
168 void propagation(double);
169 void collision(const pair<int,int> &);
170 void wcollision(int);
171 void update(int);
172 void psplot(int, ofstream &);
173 bool checkoverlap();
174 double ppcoll(int,int,double);
175 double pwcoll(int,double);
176 double ranf(double x){ return (2*double(rand())/(1+double(RAND_MAX))-1)*x;}
177 double kinenergy();

to be continued

In the main program in each iteration step (variable it) the time tnext of
the next occurring collision and the pair ijnext of the corresponding collision
partners are read from the first entry of the collision list cseq. If the second
collision partner has the index -1, the next collision is a wall collision of the first
partner. In this case we determine the time tn of the collision by pwcoll().
Then the new particle positions are computed by propagation(), and in
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wcollision() the velocity of the colliding particle is changed according to
the collision rule. Finally update() is called to update the collision list.

The collision of two particles is handled analogously in lines 198–203, ex-
cept for calling collision() and ppcoll() instead of wcollision() and
pwcoll(), and executing update() for both collision partners.

eventsimple.cc

178 int main()
179 {
180 double tnext, tn=0;
181 pair<int,int> ijnext;
182

183 init(null);
184

185 for(int it=0; it<nstep; it++){
186 if(it % noverlap==0) checkoverlap();
187 if(it % nprint ==0) fenergy << it<<" "<<kinenergy() << endl;
188 tnext=cseq.begin()->first;
189 if(!(it%nprint)) cout << "IT: " << it << " time= " << Time << endl;
190 ijnext=cseq.begin()->second;
191 if(ijnext.second==-1){
192 tn=pwcoll(ijnext.first,null);
193 propagation(tn-Time);
194 Time=tnext;
195 wcollision(ijnext.first);
196 update(ijnext.first);
197 } else{
198 tn=ppcoll(ijnext.first,ijnext.second,null);
199 propagation(tn-Time);
200 Time=tnext;
201 collision(ijnext);
202 update(ijnext.first);
203 update(ijnext.second);
204 }
205 if(it%nps==0) psplot(it/nps,fps);
206 }
207 }

to be continued

Why is the collision time computed again in the main program although it is
already contained in the collision list? There may be a large time lag between
the recording of a forthcoming collision of particles i and j in the collision list
and the execution of that collision. If thousands of collisions occur in between
for which propagation() is called, tiny numerical errors may accumulate.
Hence, using the collision times which have been computed earlier may result
in an overlap of the particles, i.e., the distance of the particles may be a tiny
bit smaller than the sum of their radii 2R. Recomputing the collision time
may prevent this error.

3.6.8 Output

We add two simple functions for data output. The function psplot() gener-
ates a sequence of Postscript snapshots:

eventsimple.cc

208 void psplot(int page, ofstream & psout)
209 {
210 if(!page){
211 psout << "%!PS-Adobe-2.0" << endl;
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212 psout << "%%BoundingBox: 0 0 "<<pssize+20<<" "<< pssize+20<< endl;
213 psout << "%%EndComments" << endl;
214 psout << "/frame {10 10 translate " <<Lbox/pssize<<" setlinewidth ";
215 psout << pssize/(2*Lbox) <<" "<< pssize/(2*Lbox) <<" scale ";
216 psout << Lbox<<" "<<Lbox<<" translate newpath "
217 << -Lbox<<" "<<-Lbox<<" moveto "
218 << 2*Lbox;
219 psout <<" 0 rlineto 0 "<<2*Lbox<<" rlineto "<<-2*Lbox
220 <<" 0 rlineto closepath stroke}def" << endl;
221 psout << "/c { 1 0 360 arc stroke} def" << endl;
222 }
223 psout << "%%Page: " << page << " " << page << endl;
224 psout << "frame " <<endl;
225 for(int i=0; i<N; i++) psout << x[i]<<" "<<y[i]<<" c" << endl;
226 psout << "stroke showpage " << endl;
227 }

to be continued

These snapshots can be used to generate animated sequences of simulations.
The function kinenergy()

eventsimple.cc

228 double kinenergy() {
229 double ekin=0;
230

231 for(int i=0; i<N; i++) ekin+=vx[i]*vx[i]+vy[i]*vy[i];
232 return ekin;
233 }

to be continued

is an example for a data output function. The simple program for event-driven
Molecular Dynamics is now complete.

3.6.9 A Note on Numerical Errors

When describing the algorithm for event-driven Molecular Dynamics, numer-
ical errors have been mentioned at several places. These errors may have
serious consequences as soon as they cause particles to penetrate each other,
i.e., when rij ≡ |�ri − �rj | < Ri + Rj . As a consequence, the collision time for
the pair (i, j) may be incorrectly determined. Since there are always rounding
errors in numerical computations, we must take care to avoid the described
situation.

In the preceeding sections some methods have already been described to
prevent overlapping of particles. Let us discuss this problem in a more sys-
tematic way: assume at time t two particles at position �ri and �rj and assume
that the equation |�ri (t∗) − �rj (t∗)| = Ri + Rj has two real solutions, t∗1 and
t∗2, with t∗1 < t∗2 (see (3.34)) so that

(t∗ − t)2 + 2 (t∗ − t)
�rij · �vij

�v 2
ij

+
�r 2

ij − R2
ij

�v 2
ij

= 0 . (3.41)

There are three qualitatively different cases:

(a) t∗1 > t and t∗2 > t. This case corresponds to a regular collision. From (3.41)
we conclude �rij ·�vij < 0 as a necessary condition for a collision. Obviously,
the collision takes place at time t∗1.
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(b) t∗1 < t and t∗2 < t, which implies �rij · �vij > 0. There is no collision.
(c) t∗1 < t and t∗2 > t. This case requires a negative last term in (3.41), i.e.,

|�ri − �rj | < Ri +Rj (overlap). This solution may occur for both �rij ·�vij < 0
and �rij · �vij > 0.

There is no simple way to detect overlapping pairs of particles corresponding
to case (c). Assume the current (regular) collision in a simulation takes place
between particles i and j. After propagating to their new positions their new
velocities are computed according to the collision rule (3.32). Assume further
that these particles overlap now due to a numerical error. By subsequently
solving (3.41) this overlap can be easily detected, since then t∗1 < t and t∗2 > t.
However, the propagation step corresponding to the collision (i, j) may also
lead to an overlap of particles k and l somewhere else in the system. This may
happen, e.g., if k and l undergo a grazing collision due to a small numerical
error. If their positions were computed at infinite precision k and l would not
collide. Such cases cannot be detected easily. Fortunately they are very rare.

Let us elucidate the consequences of such overlaps. First, we look at the
case where the just collided pair (i, j) overlaps. After the collision the velocities
change such that �rij · �vij > 0, i.e., the particles depart from each other. As
explained in Sect. 3.6.3 the collision times are only determined if �rij · �vij <
0, therefore, the (erroneous) collision (i, j) is not recorded in the collision
list. The extremely small overlap resulting from numerical errors vanishes
automatically, except if either i or j collide with a third particle in the small
time span when i and j overlap. In this case the particles i and j may be sent
to an approaching trajectory before they are separated. For each pair (i, j)
this case is very unlikely, but as the number of particles becomes large there
is a non-vanishing probability for this scenario to occur in the system. Thus,
the second type of illegal situations has to be discussed when the overlapping
particles approach each other (which also applies for the case when the pair
(k, l) is concerned, as discussed in the previous paragraph).

As stated above, for overlapping particles we obtain t∗1 < t and t∗2 > t. If
t∗2 is taken as the time of collision the particles do not separate again since
in a collision the normal component of the relative velocity changes its sign.
Thus, these particles stay together just as chained rings (see Fig. 3.5).

Fig. 3.5. If two particles overlap once due to a numerical rounding error (left figures,
overlap strongly exaggerated) and �rij · �vij < 0 (see text for explanation), the next
collision (middle) occurs as for chained rings if t∗2 is used erroneously. Once over-
lapping, the particles stay entangled and the right figure shows the next collision
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Alternatively, when investigating the collision time of (i, j) with �rij ·�vij < 0,
t∗1 < t, and t∗2 > t, we could assume t∗1 (which is negative!) as the time
of the collision, i.e., the event-driven algorithm would progress backwards
in time. This is possible and may resolve the situation, but it may lead to
illegal overlaps of other pairs. In particular in situations of clustering when
the particles are closely packed, going back in time may lead to a cascade of
overlap situations. Thus, if applying that method, we recommend checking
the subsequent configuration (see below).

In our own scientific work we prefer a different procedure: many overlaps
may be prevented by performing the propagation step not in full length, but
a tiny bit shorter, such that after the propagation the particles keep a small
distance. For this reason, before calling propagation() the collision time
pwcoll() or ppcoll() is determined, respectively, using tol as the third
argument.

Unfortunately, there is no perfect protection against the mutual overlap-
ping of particles due to numerical rounding errors. As described, once the
particles are overlapping, in general there is no simple way to resolve this sit-
uation. The best method to cope with such situations is to backup the particle
coordinates and velocities in certain time intervals and to check periodically
to see whether particles overlap. This can be done by checkoverlap():

eventsimple.cc

234 bool checkoverlap()
235 {
236 double dist;
237

238 for(int i=1; i<N; i++){
239 for(int j=0; j<i; j++){
240 dist=(x[i]-x[j])*(x[i]-x[j])+(y[i]-y[j])*(y[i]-y[j])-4*R*R;
241 if(dist<0){
242 cout <<" OVERLAP "<<i<<" "<<j<< " " << dist << endl;
243 return true;
244 }
245 }
246 }
247 for(int i=0; i<N; i++){
248 if((x[i]-R<-Lbox)||(y[i]-R<-Lbox)||(x[i]+R>Lbox)||(y[i]+R>Lbox)){
249 cout<<"OVERLAP WALL"<<i<< " "<<y[i]+R-Lbox << endl;
250 return true;
251 }
252 }
253 return false;
254 }

If particles overlap, the function returns true. A previously saved data set
of coordinates and velocities is restored and the simulation proceeds with the
initialization of the collision list. Restarting the simulation eliminates accu-
mulated rounding errors and may avoid particles overlapping. This restoring
procedure is time-consuming, here we do not give an implementation but it
can be found on the book’s web site. Since overlapping particles often stay @
overlapping forever it is not necessary to call the function checkoverlap()
frequently. There is only a small risk to miss such a situation if it occurs just
once.
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3.6.10 Critical Discussion of the Algorithm

The described program implements exactly the algorithm outlined on p. 141.
It should be understood as a sketch of an event-driven Molecular Dynamics
algorithm rather than a practically-applicable tool. The program is inefficient
and can be improved in several respects:

1. The initialization function distributes the particles randomly in the simu-
lation area. To find the initial position of the ith particle we have to check
for overlap with all i−1 particles which have been initialized before. This
O (N2

)
complexity can be avoided by using more efficient algorithms.

2. The list of collision times contains O (N2
)

entries, among them are also
collisions of pairs of particles which are distant from each other. It is very
unlikely that such particles collide at all. Hence, keeping such improbable
collisions in the list is a waste of time and memory.

3. For each collision all particles in the system are propagated to their new
positions, even if they are distant from the colliding particles. If potential
collisions of distant particles are not recorded in the collision list (see
item 2) only particles close to the location of the last collision have to be
propagated.

4. In the function checkoverlap all possible pairs of particles are checked
for overlap, although most of them are distant pairs. Employing methods
similar to force-based Molecular Dynamics, like the link cell method (see
Sect. 2.4.3), the numerical effort could be drastically reduced.

The mentioned problems can be solved by a more sophisticated algorithm as
explained in the next section.

3.7 Improved Algorithm
for Event-Driven Molecular Dynamics

3.7.1 Reduction of the Collision List

The simple event-driven algorithm presented in the preceding section can be
improved considerably in many respects by relatively simple means. Most of
these improvements are based on the fact that distant particles have only a
small chance of colliding in the near future. Consequently, the entry in the
collision list for a very distant pair of particles (i, j) will very likely be erased
due to collisions of either i or j with other particles before the scheduled
collision of (i, j) occurs (see Fig. 3.6). With very small probability, however,
the scheduled collision (i, j) may take place, i.e., neither i nor j collide with
any other particle before. Hence, a correct event-driven Molecular Dynamics
algorithm must take this very unlikely situation into account.

To eliminate distant pairs of particles from the collision list, the simula-
tion area is subdivided into Nb quadratic boxes; only particles j which are in



3.7 Improved Algorithm for Event-Driven Molecular Dynamics 161

Fig. 3.6. Assume the collision of the black particles is recorded in the collision list.
With large probability this collision will not occur since it may be expected that at
least one of them will collide with other particles before they actually meet

Fig. 3.7. The simulation area is subdivided into boxes. The neighbors of the black
particle are drawn in gray. Only neighbors are considered as potential collision
partners

the same box as particle i or in one of the adjacent boxes are called neigh-
bors of i and are considered as potential collision partners (Fig. 3.7). The
computational effort to assign all N particles to their boxes grows as O(N).

By subdividing the simulation area into Nb boxes the number of entries
in the collision list is reduced drastically. Since each box contains on av-
erage N/Nb particles, each particle has approximately 9N/Nb neighbors in
two dimensions, or 27N/Nb neighbors in three dimensions, which have to be
considered when constructing the collision list. In two dimensions, therefore,
the collision list contains about 9N2/2Nb collisions.1 Even for medium-sized
particle systems the benefit is considerable: In the simple algorithm, for a
simulation of 100,000 particles about 5×109 pairs of particles have to be con-
1 For this crude estimate it is assumed that all pairs of neighboring particles have

an entry in the collision list. The actual number is smaller since only such pairs
of particles are recorded which are neighbors and collide when continuing their
motion with the present velocities. This excludes particles which move away from
each other.
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sidered. If the area is subdivided into 100× 100 boxes this number reduces to
about 4.5 × 106 for spatially homogeneous particle distribution. The number
of pairs is, therefore, 1000 times smaller, which reduces the size of the collision
list drastically.

As soon as one of the particles leaves its present box for one of the adjacent
boxes the set of its neighbors changes too. Some of the previous neighbors
are now too far to be considered as neighbors. Moreover, there will be new
neighbors which have not been considered as such yet. Hence, if a particle
changes its box the collision list has to be modified, similar to the case after
a collision. Consequently, besides the information about expected collisions,
the collision list must also contain the information on box changes for each
particle. Therefore, this list is better called event list instead of collision list.

In the following sections the algorithm will be explained in detail. The
program is not provided here since it is rather long and technical. It can be
found on the book’s web site.@
3.7.2 Data Organization

The central problem of event-driven Molecular Dynamics is to keep the event
list up to date. After each event, i.e., whenever a particle changes its velocity
due to a collision or when a particle leaves its box, the event list must be
updated. This comprises addition of new potential events and deletion of
events that have become irrelevant.

In the simple program all events have been recorded in a single list. Adding
a new event is non-critical, the pair of particle indices is simply inserted into
the map cseq (complexity O(log Nev), with Nev being the number of events)
and the collision time is added to the lists clist of the concerned particles
(complexity O(1)). Removing obsolete events is also simple, since the event
times are stored in the lists clist and are, therefore, easily accessible.

However, this data organization can be further improved by splitting the
global event list into smaller lists. Thus each particle owns a list of events
in which it is involved. Since particle–particle collisions involve two particles,
such events are assigned to the particle with the smaller index to avoid double
storage. If the boxes are small enough, the list of each particle contains only
a few potential collision partners. The event list must allow for fast access to
the event with smallest time consumption (i.e., to the next occurring event in
which the owner particle is involved), therefore, a priority queue as provided by
the Standard Template Library (type priority_queue) is employed. Adding
entries to a priority queue is a fast operation. This operation belongs to the
same complexity class (O(log n) (with n being the number of elements of the
queue) as the corresponding operation in the simple algorithm. Nevertheless,
the search is faster since each of the event lists is much smaller than the global
list. Deleting entries from the lists is a non-trivial task which is discussed in
the next section.
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The next event occurring in the system corresponds to the minimum time
of all entries in the event lists. The time of the next event in which a parti-
cle is involved can be retrieved efficiently since priority queues are optimized
for this task. These times can be collected in any search tree, as, e.g., the
STL-container set. There is, however, a more efficient alternative called tour-
nament tree which is described in Sect. 3.7.6.

3.7.3 Removal of Invalid Entries from the Event Lists

Each event invalidates entries in the event lists, either because particles change
their velocities or because pairs of particles become distant due to particles
changing boxes. Consequently, after each event the event lists have to be
adjusted.

When particles i and j collide, all entries in the event lists of i and j become
invalid. Moreover, entries in the lists of other particles k also become invalid
where either i or j is one of the potential collision partners. In the simple
algorithm each particle is assigned a vector clist which allows removal of
these entries from the global event list.

There is a simple trick by Maŕın et al. [177] to bypass the removal of invalid
entries: After a collision the lists of events owned by the collision partners is
erased, as in the simple program. The events not owned by the partners are
more problematic. On average this concerns one half of all events where the
partners are involved. Each particle counts the total number of collisions it
was involved in so far. When adding an entry for a particle–particle collision
to the event list, the number of collisions in which the other partner (not the
one that administers the event) was involved is now also stored. The entries
in the collision list of particle i contain now the index of the partner j, the
collision time, and the value of the collision counter of j at the time when
the entry was recorded. When reading an entry in the list of particle i its
validity can be easily checked: If the present counter value of the partner j is
larger than the number in the event list of i, the entry is not valid since j has
meanwhile suffered collisions with other particles or with the wall.

Hence, when particles i and j collide, there is no need to remove the entries
from other particles k which refer to i or j. Whenever an event is read which
turns out to be invalid after comparing the recorded counter value with the
actual one, this entry is disregarded. Note that after a collision of i and j,
still all events in the event lists of i and j are deleted. By evaluating the
collision counters we only avoid searching in the lists of uninvolved particles
for possibly invalidated events.

3.7.4 Collision-Free Motion of Particles

When a particle i transits into an adjacent box, the program computes the
times of collisions with all new neighbors and the time when the particle will
leave the just entered box. What to do with entries in the collision list of
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i referring to such particles j which are not neighbors of i anymore? Those
entries can be deleted since whenever j joins the neighborhood of i again, it
is reinserted into the collision list of i anyway. Deleting such entries needs
computer time, so let us discuss what happens if the collision with j is not
deleted when i leaves its. If the entry of j in the list of i is valid (i.e., neither
suffered a collision since recording this event), the particles are approaching
each other. Hence, it may happen that the loss of neighborhood of i and j is
only temporary. After the next box change of j, both particles may become
neighbors again. Since i and j approach each other, the following sequence
may occur:

1. i changes its box and is not neighbor of j anymore
2. j changes its box, i and j are neighbors again
3. i changes its box and is not neighbor of j anymore
4. j changes its box, i and j are neighbors again
5. . . .

This sequence proceeds until i and j collide with each other or either i or j
collides with another particle. According to the described algorithm, in steps 2
and 4 of the sequence above, new entries in the collision list of either i or j are
created. This way multiple entries in collision lists may appear, referring to the
same collision. Due to tiny numerical errors these entries may contain slightly
different collision times. When the collision of i and j actually takes place the
entry with the earliest collision time is automatically chosen. If the entry with
the earliest collision time is not the most recent entry in the collision list, the
collision time is underestimated by a tiny amount, i.e., the particles collide
too early. This situation can be avoided by checking whether there already
exists an entry in the list of i concerning a collision with j before recording
the collision into the list. If there is no entry so far, the collision is added to
the list, otherwise only the collision time is updated.

On the other hand, this check is not really necessary since if the particles
collide too early, they have a very small distance on the order of the double-
precision number resolution, which can be tolerated. The collision is never
scheduled too late, which would be a more critical situation as discussed in
Sect. 3.6.9.

Therefore, for the benefit of high performance multiple entries of collisions
in the collision lists are tolerated. We have to admit that the arguments are
not completely conclusive here since leaving invalid entries in the collision
list increases the computer time for inserting and retrieving information from
the lists. However, the computer time for these operations increases only very
slowly (logarithmically) with the lengths of the lists.
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3.7.5 Optimal Box Size

There is a significant advantage to not deleting irrelevant events: it allows for
very small box size. Deleting all irrelevant events would require larger boxes
in order to minimize the number of box change events, which in this case
would require significant computation time. By choosing smaller box sizes
the event lists are shorter since only the immediately forthcoming potential
events are recorded in the lists. The frequency of box-change events increases
with decreasing box size, which implies frequent updating of the event lists,
including the check for new collision partners. Nevertheless, the number of
computations of possible event times is minimal, since only events which have
a good chance to actually take place (due to close proximity of the partners)
are considered. For larger boxes the event lists need to be updated less fre-
quently, but the number of potential events grows. Most of these events are
irrelevant because the particles collide with other partners before they come
even close. Thus the additional effort due to the large number of box changes
is offset by a smaller number of potential partners. If invalid events are not
deleted as described above, the optimal box size for a homogeneous gas is such
that each box contains one particle on average, i.e., there are as many boxes
as particles. For inhomogeneous gases, i.e., gases which contain areas of high
density, a number of boxes contain many particles. In this case it is preferable
to choose smaller box sizes to keep the event lists short, even as small as one
particle diameter. The box size cannot be smaller, otherwise collisions may
be overlooked (see Fig. 3.8). For simulations of particles of different sizes the
largest particle diameter determines the box size. Retaining information on
irrelevant events incurs larger memory requirement. If memory is the limiting
resource, irrelevant events must be deleted, resulting in increased computer
time.

Fig. 3.8. If the box size is chosen smaller than the particle diameter, particles may
collide although their centers are not located in adjacent boxes
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3.7.6 Scheduling Events

In each iteration loop the next event in the system is determined, i.e., the
entry in the collision list with smallest execution time must be found. Ra-
paport [230] proposed organizing the events in a binary tree. This idea is
implemented in the simple program (Sect. 3.6) by using the STL-container
map. The organization of the events in particle-associated small lists offers
further opportunities to optimize the event bookkeeping [177].

The particle-associated event lists are very short. For optimal box size,
they typically contain fewer than 5 entries since each box contains only a few
particles. Therefore, using a priority list, one can easily determine the next
occurring event for each particle i, scheduled for time ti, which this particle
administers. To determine the next event in the entire system requires finding
among all these events the one with the smallest time, t∗ = min

i=1...N
ti. Hence,

the smallest number t∗ from the set t1, . . . , tN of invariant size N is deter-
mined. Moreover, after each event no more than two elements of the set can
change. In [11, 176,177] a tournament tree was proposed as the most efficient
method for organizing the next local (i.e., particle associated) events ti. A bi-
nary tree is constructed whose terminal leaves contain the times of the earliest
particle-associated events ti. In the nodes the minimum of their descending
nodes’ values (see Fig. 3.9, left) is recorded. Therefore each node contains the
next event time of all particles in its branch of the tree. Consequently the root
node contains the next event occurring in the system. This data structure can
be implemented very efficiently.

1
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Fig. 3.9. Left : each node of the tournament tree contains the minimum of its descen-
dant nodes’ values. The arrows indicate the upward propagation of the minimum
values. Right : update procedure after execution of an event at time 1. The new next
event in which that particle is involved, is scheduled for time 7. The dotted boxes
mark the pairs of nodes which have to be compared, the circles mark the updated
values

Assume at time ti = 1 particle i is involved in an event. After updating
its private collision list the next event concerning i takes place at time ti = 7.
Hence, the corresponding entry in the tournament tree is updated. The par-
ent node of the respective leaf is outdated as well and must be updated by
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comparing the two values of the particles which belong to this node. This
comparison may be regarded as a competition between the descendant nodes.
The node with the smallest event time wins the competition, therefore this
data structure is called a “tournament tree.” This way all levels of the tree
are considered. The modification of any ti, hence, triggers a sequence of up-
dates up to the root node. The maximum number of comparison operations
is determined by the depth of the tree, i.e., log2 N . The idea of the update
procedure is shown in the right hand part of Fig. 3.9.

3.7.7 Update of Particle Positions

In the simple algorithm (Sect. 3.6) after each collision all particles are prop-
agated to their new positions since these positions are needed for the update
of the global collision list.

This global propagation step is obsolete now since the search for possi-
ble collision partners is restricted to a certain neighborhood [230]. There-
fore, it is sufficient to propagate the colliding particles and the parti-
cles in their neighborhood to the new positions. Only the coordinates of
these particles are needed for the update of the particle-associated col-
lision lists. Whereas in the simple program the new positions of all N
particles are computed, now only the positions of the particles which
are located in 9–14 boxes have to be computed. (In general the colli-
sion partners need not be located in the same box.) For optimal box size
the positions of about 10 particles (for the case of a monodisperse sys-
tem) are calculated. The numerical effort for this step is therefore con-
stant, i.e., independent of N . Aside from an enhanced performance, as
an additional benefit of the delayed propagation, the numerical errors
accumulate at a slower rate since particle positions are computed more rarely.

Each box is assigned the time of its last update tupd. If at time t the
computation of the positions of the particles in this box becomes necessary,
the particles are propagated with their current velocity according to �rij :=
�rij + �vi (t − tupd), where t is the current (global) system time. Alternatively
the time of the last update can be also assigned to the particles themselves.
This allows for propagating a particle without access to any of the boxes.

3.7.8 Efficiency of the Algorithm

Using the described data structures and algorithms the computational effort
for one event rises as O(log N). In most applications a certain number of events
per particle has to be computed. Thus, the total effort rises as O (N log N).
For data output all particles are propagated to their correct positions. For
such steps the effort is at least O(N). In principle, for a large number of
boxes, the performance of these steps is determined by the number of boxes
too. However, for a given volume fraction η (total volume of the particles
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divided by the system’s volume) the number of boxes cannot be larger than
πN/4η, therefore, the effort for this operation is O(N).

To estimate the efficiency of the algorithm, the memory requirement and
computer time consumption for an event-driven Molecular Dynamics simula-
tions were determined using a computer with Intel P4 processor (3.0 GHz)
and 1 Gb memory.

We simulated 107 collisions in a granular gas in the absence of gravity
with periodic boundary conditions for a fixed particle number density. Figure
3.10 (right) shows the memory requirement growing approximately linearly
with the number of particles. The computer time (left) depends weaker than
linearly on the number of particles. For comparison the solid line shows T ∼
log(N).
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Fig. 3.10. Memory (right) and computer time (left) consumption of an event-driven
Molecular Dynamics simulation using the improved algorithm. For comparison, a
logarithmic function (left) and a linear function (right) is shown. Input/Output
operations have been disregarded

For the measurement the initialization procedure was disregarded as well
as the costs for data output. The output of the particle coordinates (snapshot)
or any function which depends on the positions of the particles needs a full up-
date of the particle positions which requires computer time O(N). Therefore,
a large part of the simulation time is frequently spent on data output.

For our research we always emphasize the optimization of the algorithm
with respect to CPU time but not with respect to memory. If the code is op-
timized with respect to low memory consumption, e.g., by choosing a smaller
number of boxes or by removing obsolete entries from the collision lists, the
number of particles which fit into a given memory capacity can be increased
significantly.

3.8 Boundary Conditions

The behavior of particles close to the system borders is described by boundary
conditions. As in hydrodynamics, boundary conditions can have a profound
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effect on the properties of a particle system. For many applications either
reflecting or periodic boundary conditions or heated walls are appropriate.
In this section the methods for implementing boundary conditions and their
physical implications are discussed.

3.8.1 Reflecting Boundaries

Applying reflecting boundary conditions means that each particle which col-
lides with the system walls reverts its velocity component perpendicular to the
wall, whereas the velocity component parallel to the wall stays invariant. This
way the kinetic energy of the particle is conserved. This type of boundaries is
used for the simple event-driven algorithm (Sect. 3.6.4).

Simulations show that particles accumulate close to reflecting walls. This
effect occurs even in the absence of external forces such as gravity and is
caused by an enhanced collision frequency close to the walls. Moreover, at
the walls the typical relative velocity is larger than in the bulk of the system.
Here we cannot strictly prove this claim, however, we provide two instructive
and typical examples: Consider two particles i and j as sketched in Fig. 3.11
(left). The particles collide due to the presence of the reflecting wall. In another
region more distant from the wall the collision would not occur. In contrast,
there are no situations where the presence of a reflecting wall prevents a
collision of otherwise colliding particles. Thus, close to a reflecting wall the
collision frequency is enhanced. The right part of Fig. 3.11 shows a pair of
particles which in the absence of a reflecting wall would collide with relative
velocity vi − vj . Due to the presence of the wall this collision occurs with
relative velocity vi + vj which corresponds to a larger amount of dissipated
energy and, thus, to a faster decay of the granular temperature.

On average, two particles i and j moving toward the wall suffer more colli-
sions and more intensive collisions (larger relative velocity) than an equivalent
pair i′ and j′ moving with the same velocities and the same mutual spatial
relation somewhere else, i.e., not close to the wall.

j

i

i j

Fig. 3.11. Reflecting walls lead to increased collision frequency and to more inten-
sive collisions. Left : the particles meet due to the presence of the reflecting wall. In
the absence of the wall these particles would not collide. Right : without the wall
the particles would collide with relative velocity vi − vj . Because of the wall this
collision takes place with relative velocity vi + vj , dissipating more energy
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Both effects, the enhanced collision frequency and the higher intensity of
the collisions lead to a more rapid decay of temperature in the vicinity of
reflecting walls and consequently to a reduced pressure [93] (see Sect. 3.10.2),
resulting in enhanced particle density. After a long period of time most of the
particles are located close to the system wall. The pressure instability also
occurs in a freely cooling gas, but with reflecting walls the instability is more
pronounced close to the walls.

Figure 3.12 shows a simulation of a dilute force-free granular system
(N = 20, 000, ε = 0.999) in a circular container with reflecting boundary con-
ditions. Under certain conditions the particles do not accumulate uniformly
close to the wall but form stationary or irregularly moving clusters close to
the reflecting wall [185].@

Fig. 3.12. A dilute granular system evolves in a circular container in the absence
of external forces. Initialized homogeneously (left), the particles accumulate close to
the reflecting wall after a long time (right)

3.8.2 Periodic Boundary Conditions

Periodic boundary conditions are intended to mimic very large systems, i.e.,
the investigated system is thought to be much larger than the simulated num-
ber of particles. The particles are contained within a primary simulation vol-
ume. When a particle leaves one side of this volume, it re-enters from the
opposite side. Thus, periodic boundary conditions allow the simulation to
proceed as if the primary volume was surrounded by identical copies of itself.
The primary simulation volume is thus periodically replicated in all directions
to form a quasi-infinite volume. Any particle i at position �ri in the primary
volume thus represents an infinite set of particles located at
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Fig. 3.13. The basic simulation volume (drawn in black) is repeated in all dimen-
sions an infinite number of times. Here the neighbor volumes are drawn in gray

Fig. 3.14. The simulation area may be periodically continued also in one dimension
only. Here the basic simulation volume is bound by reflecting horizontal walls

�r k,l,m
i = �ri + k �X + l�Y + m�Z , (3.42)

where �X, �Y , and �Z are the edge vectors of the primary volume and k, l, m =
−∞ . . .∞ are integers (Fig. 3.13). Each particle i in the primary volume is
thought as interacting not only with other particles j from the same volume,
but also with their periodic images.

The simulation area of a two-dimensional system with periodic boundaries
in both directions is topologically equivalent to the surface of a torus. If only
one direction is periodic, it is equivalent to the surface of a cylinder (Fig. 3.14).

Using periodic boundary conditions, surface effects can be eliminated from
the system, but a number of complications arise:

1. Since each particle has an infinite number of images, there is an infinite
number of interactions with each other particle (having an infinite number
of images too).

2. If the primary volume is chosen too small, there appear correlations be-
tween opposite edges of the primary volume, i.e., the spatial structures
are of the same characteristic size as the system itself. This way a particle
may interact directly or indirectly with itself across the primary volume.

The first item causes problems when long-range forces, such as electrostatic
interactions, are involved. Sophisticated techniques have been developed, such
as Ewald-summation to simulate systems of charged or gravitating particles.
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For granular systems these problems are not relevant since particles interact
only through mechanical collisions. For such systems, the minimum image
criterion is frequently applied which states that a particle i can interact at
most with the closest image of particle j. This convention is safe if the primary
volume size exceeds the interaction distance, e.g., the double cutoff length of
a potential or in our case the particle diameter. The allowed range of the
coefficients in (3.42) is thus reduced to k, l, m ∈ {−1, 0, 1}.

For the prediction of collisions in an event-driven simulation, however,
the minimum image criterion is not applicable since it may well happen that
the next collision in the system occurs between particle i (from the basic
simulation volume) and an image of particle j which is not the closest to
particle i. This image may even correspond to k, l, m /∈ {−1, 0, 1}, i.e., this
image is outside the basic volume and its direct neighboring volumes.

Therefore, the simple algorithm presented in Sect. 3.6 is not directly suited
for the simulation of periodic boundary conditions. Its generalization is, how-
ever, simple: For the collision list we consider for each particle i from the basic
volume all collision partners j from the same volume and their images from
the neighboring volumes. Whenever a particle leaves the simulation volume
and is reinserted at the opposite edge, its entries in the collision list become
invalid and have to be recomputed. Hence, when a particle leaves the volume,
the same values are computed as if it had collided with a wall.

The efficient algorithm sketched in Sect. 3.7 is directly suited for periodic
boundary conditions since the simulation area here (the basic volume) is sub-
divided into smaller boxes. When a particle leaves one of these boxes (also
close to the system borders) the according collision lists are updated. Since
particles and their images are located in very distant boxes, the problem of
ambiguous particle position is avoided.

The second complication listed above is more substantial since it is system-
inherent and cannot be resolved by improving the algorithm. Let us give a
simple example: Fig. 3.15 shows systems of 10,000 and 100,000 particles in a
quadratic container with periodic boundary conditions. The systems are iden-
tical with respect to the number density and particle properties. Therefore,
equivalent behavior may be expected naively. But in contrast, the systems
develop quite differently. At time T which corresponds to #Csmall = 106 col-
lisions of the small systems and #Clarge = 107 for the large system (hence
100 collisions per particle), both systems look identical qualitatively, keeping
in mind that the larger system (ten times the area of the small system) is
scaled down in Fig. 3.15. At time 1.5 T , corresponding to #Csmall = 1.5× 106

and #Clarge = 1.5 × 107 the systems behave differently. Whereas there are
medium sized clusters in the large system which can continue to grow, the
small system reveals a system-spanning cluster that will not grow further.
This cluster interacts with itself, which contradicts the precondition that the
system size must exceed the correlation length significantly. Therefore, while
the larger system still shows realistic behavior, the state of the small system is
highly artificial. The results of simulating the small system become incorrect
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Fig. 3.15. Two systems of 10,000 (top row) and 100,000 (bottom row) particles with
periodic boundary conditions at the same number density. Both systems are intended
to simulate an infinitely extended system and ideally should behave identically. The
left snapshots show the systems at initialization time, the middle at time T , and
the right figure at time 1.5 T

as soon as system-spanning clusters emerge. The important effect of clustering
in granular gases is discussed in more detail in Sect. 3.10.2.

Further artifacts emerge if the system is too dilute. In this case between
successive collisions, the particles travel on average many times through the
system. Such systems are said to be in the Knudsen-regime [156]. The Knud-
sen number is defined as the ratio of the characteristic system size and the
mean free path of the particles between collisions. To apply periodic boundary
conditions, the Knudsen number must be significantly larger than one.

Consequently, the basic volume size has to be chosen large enough to avoid
undesired artificial correlations. As soon as such correlations are observed,
the simulation results are dubious. In Sect. 3.10.3 we show that even very
large systems may be too small to simulate granular systems in certain situ-
ations. For granular gases with ε = const, any clustering system will reveal
system-spanning clusters after some time. For other systems (granular gases
of viscoelastic particles) it is unclear whether such artifacts can be avoided by
choosing a larger system [43, 214] (see Sect. 3.10.3).

3.8.3 Heated Walls

In many applications the system is supplied with energy through the bound-
aries. An important example is a granular system driven by a vibrating wall.
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If the frequency of the oscillating wall is large enough, the energy supply may
be modeled by a heated wall.

The idea of heated walls is simple: whenever a particle touches the wall,
its velocity is chosen from a Maxwell distribution according to a certain tem-
perature T .

There is, however, a complication which is frequently disregarded in the
literature, therefore, we devote some discussion to this problem. Let us con-
sider a system of elastically colliding particles of unit mass in a quadratic
container with one heated side. If at wall collisions both components of the
particle velocity are chosen from a Gaussian distribution, after a short time
the temperature of the gas approaches an incorrect final temperature T ′ < T ,
although the gas is supposed to be in thermal equilibrium with the wall of
temperature T (see Fig. 3.16).

For the explanation of this unexpected behavior, assume for a moment that
the particles do not obey a Maxwell distribution, but a simplified distribution
where only two values of the velocity normal to the heated wall are admitted,
vn
1 = 1 and vn

2 = 2. Assume that half of the particles move with velocity
vn
1 and the other half with vn

2 . Particle–particle collisions are ignored. At wall
collisions the normal velocities are set randomly to vn

1 or vn
2 in such a way that

the average number of particles with vn
1 and vn

2 stays constant. The particles
which collide in the time interval (t, t+∆t) come from an area of width vn∆t.
Obviously, this area is twice as large for particles traveling with vn

2 = 2 than
for particles moving at vn

1 = 1. Consequently, in the time span ∆t two times
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Fig. 3.16. Mean square velocity over time for a system of 105 elastic particles
(ε = 1) of radius R = 0.0005 in a quadratic container L = 1 with one heated side
(temperature T = 1). The system is initialized at temperature T0 = 1. The solid
lines show the total energy per particle (averaged over all particles), the circles and
crosses display the energy of the motion in normal and tangential direction with
respect to the heated wall (recorded after wall contact, each data point shows on
average over 1,000 wall collisions). Left : correct heating according to (3.43) and
(3.44). Right : incorrect heating; at wall collisions both components of the velocity
are chosen from a Maxwell distribution at temperature T
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more particles of velocity vn
2 collide with the wall than those with velocity vn

1 .
In other words, faster particles collide more frequently with the wall.

To keep the velocity distribution constant, on average the same number of
particles which collide with the wall has to be given the velocity v1 as there
are incoming particles of velocity v1, and respectively the same for particles
of velocity v2. Therefore, among all particles colliding with the wall, 2/3 must
adopt v2 and 1/3 adopt v1 to keep the distribution constant. Erroneously
initializing half of the particles with vn

1 and vn
2 (misled by the fact that half

of the particles in the gas moves with vn
1 and half with vn

2 ) would distort
the velocity distribution and cool the system, since the number of particles
moving with vn

2 after wall contact is too small.
Now, we release the non-physical assumption of a bimodal velocity distri-

bution and generalize: Assume a system contains on average N(vn) particles
of velocity vn normal to the heated wall. Then ∝ vnN(vn) particles collide
with the wall per time unit. If the particles close to the wall are in thermal
equilibrium with the wall, the random normal velocities have to be chosen such
that the statistical properties are conserved, i.e., ∝ vnN(vn) particles must be
assigned the normal velocity vn. Consequently, at wall collisions the normal
velocities have to be determined according to the probability distribution

p(vn) =
m

T
vn exp

[
−m (vn)2

2T

]
, (3.43)

where the prefactor comes from the normalization condition
∫∞
0 p(vn)dp = 1.

The above arguments do not apply to the tangential velocities since the
rate of wall collisions depends only on the normal velocity component, but
is independent of the tangential component. Hence, the tangential velocities
have to be chosen from a Maxwell distribution

p(vt) =
√

m

2πT
exp

[
−m (vt)2

2T

]
, (3.44)

which is normalized as
∫∞
−∞ p(vt)dp = 1. Checking again the energy evolu-

tion of the heated container as described above, the average energy fluctuates
around the expected value T for the normal and T/2 for the tangential com-
ponent (see Fig. 3.16, right).

Random numbers of the distribution (3.43) can be generated from equidis-
tributed random numbers z ∈ [0, 1) by means of the transformation

vn =

√
−2T

m
ln(1 − z) . (3.45)

The general method to compute such transformations is shown in detail in
Sect. 7.2 on p. 275. Random numbers according to a Gaussian distribution
for the tangential velocities (3.44) can be efficiently generated using the Box–
Muller algorithm (see p. 299). Again we stress that in order to model a heated
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wall with a prescribed temperature T , one must not initialize the normal ve-
locity component according to a Maxwell distribution. Using this wrong ini-
tialization would (1) not lead to thermal equilibrium of a gas of elastically
colliding particles (since the velocity distribution close to the wall is always
different from the distribution far away); and (2) yield a smaller gas temper-
ature than T . The question of which temperature the gas adopts asymptoti-
cally is a difficult problem. It has been solved by Goldhirsch [92]. For a general
mathematical description of the particle–boundary interaction see [62].

As an example for heated-wall boundary conditions in Fig. 3.17 a system
of N = 20,000 particles is shown. The container has periodic boundary con-
ditions in the vertical directions, reflecting boundary conditions at the right
wall, and is heated at the left wall. Characteristic profiles of the particle num-
ber density and the granular temperature can be observed. This and similar
systems have been numerically and theoretically investigated, e.g., in [105].

For systems of particles that collide via a constant (velocity-independent)
coefficient of restitution in the absence of external forces, any multiplication
of the particle velocities by a constant factor leads to precisely the same
particle trajectories. Therefore, the absolute value of the heating temperature
is irrelevant for such systems, only relative changes are meaningful.
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Fig. 3.17. Snapshot of a simulation of N = 20,000 particles in a container with a
heated left wall. The box is periodic in vertical direction and the right wall is elastic.
The lower figures show the corresponding density and temperature profiles
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From the kinetic theory of granular gases (e.g., [42]) it is known that the
particle velocities in a force-free granular gas do not perfectly obey a Maxwell
distribution due to inelastic collisions. The deviations from the Maxwell dis-
tribution concern the high energy tail [75] and also the main part of the distri-
bution [39, 41, 95, 283]. Thus if we talk about “heating a granular gas” we have
to specify the meaning of this term. There are two possible interpretations:

1. The granular gas is coupled to an external thermodynamic reservoir at
equilibrium temperature T ; one may think of a molecular gas. In this case
the granular particles hitting the wall have to be reinjected according to
the velocity distribution of the particles in the reservoir, just as described
in this section. Here the velocity components have to be determined ac-
cording to to (3.43) and (3.44).

2. The thermal wall is intended to mimic the coupling to a reservoir of granu-
lar particles. In this case, the velocities have to be chosen from the steady
state velocity distribution of a granular gas at temperature T with the
mentioned deviations from the Maxwell distribution. Let us give an ex-
ample: Assume a system of size L in the x-direction. The system is heated
as described in the previous item at x = 0 with reflecting boundary con-
ditions at x = L. From theory, e.g., [105], we know the profile of the
(granular) temperature distribution and in particular T (x = 0.8L). If we
are interested in a simulation in the region 0.8L ≤ x ≤ L, we can replace
the gas in the area 0 ≤ x < 0.8L by a heated wall at position x = 0.8L.
In this case, the velocities should not be determined according to (3.43)
and (3.44), which generate a Maxwell distribution, but in the same way as
described above, where different formulae have to be derived to generate
a distribution that agrees with the gas’ inherent velocity distribution at
T (x = 0.8L).

The mentioned deviations from the Maxwell distribution are, however, small
such that for most purposes they can be neglected for the simulation of heated-
wall boundary discussions. A detailed discussion on the velocity distribution
of dilute granular systems can be found in [42].

3.9 Inelastic Collapse

For event-driven Molecular Dynamics simulations instantaneous particle col-
lisions are assumed, i.e., the duration of a collision is tc = 0. If, moreover,
we assume a constant coefficient of restitution ε = const (see Sect. 3.5 for a
detailed discussion) there may occur a rather artificial effect which is called
inelastic collapse [180]: Consider three identical particles which move along a
line, see Fig. 3.18. Provided the coefficient of restitution is small enough, there
exist initial conditions v1,2,3 for which the particles suffer an infinite number
of collisions in finite time and dissipate the kinetic energy of their relative
motion completely. After undergoing an inelastic collapse the particles move
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Fig. 3.18. Sketch of an inelastic collapse. There exist initial conditions such that
the left and the right particle collide in alternating sequence with the particle in the
middle until the energy of the relative motion is exhausted completely

with common velocity according to the total initial momentum. This effect
was described by Shida and Kawai [266]. A necessary condition for a collapse
of three particles is ε ≤ 7 − 4

√
3 ≈ 0.07. For more than three particles a

collapse can occur in a much wider range of the coefficient of restitution [180].
The assumption ε = const is, however, neither in agreement with exper-

iments nor with mechanics of materials. For more realistic particle models,
such as viscoelastic particles, the coefficient of restitution is not constant but
increases with decreasing impact velocity, εg→0 = 1 (see Sect. 3.5.1). Con-
sequently the necessary condition for an inelastic collapse cannot persist for
an infinite number of collisions. As soon as the relative velocity drops be-
low a certain value, ε exceeds the critical value and the collision sequence is
interrupted. Consequently the inelastic collapse cannot exist [94, 260].

Moreover, even with the assumption ε = const for two- and three-
dimensional systems, it is still unclear whether the inelastic collapse exists
since the phase space fraction of initial conditions which lead to a collapse
is possibly of smaller dimension than the total phase space. In this case the
probability to find a perfect collapse in a simulation is zero.

On the other hand, in two- and three-dimensional numerical simulations
the inelastic collapse has been reported, e.g., [72, 181, 308]. With certain as-
sumptions on the tangential coefficient of restitution, it has been shown that
the cluster probability, i.e., the size of the corresponding phase space volume
increases largely if the particles have rotational degrees of freedom [258]. Fur-
thermore it has been found that the critical interval for ε which allows for
inelastic collapse is significantly larger than for particles without rotational
degrees of freedom. Unfortunately the method used in [258] is not conclu-
sive because of the finite precision of number representation in the computer.
In any case, if the inelastic collapse exists in two- and three-dimensional sys-
tems, it proceeds much less spectacularly than in one dimension since the total
dissipation of the energy of the relative motion concerns only the normal com-
ponent of the relative velocities; the tangential component stays unaffected.
Since a collapse occurs in finite time we could not even identify such an event
in a simple experiment, even if we were able to manufacture particles with
ε = const.

Nevertheless, even an incomplete inelastic collapse (as it can be found
frequently in numerical simulations) causes problems since the collisions take
place with increasing frequency. The particles undergo a very large number
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of collisions in a short time, i.e., the simulation practically cannot proceed
beyond that time.

There are several numerical tricks to avoid an inelastic collapse: The “TC
model” [167] takes into account that each collisions lasts for a finite time
tc. If a particle collides again within the time tc, the second collision occurs
elastically, i.e., with ε = 1. This procedure interrupts the infinite sequence of
collisions since for the second collision the necessary condition ε ≤ 7− 4

√
3 is

violated.
The TC model is intended to resolve two more problems related to hard

sphere systems: it incorporates many-particle interactions and offers a pos-
sibility to simulate static systems by introducing an elastic energy of the
contact. We do not discuss this model in detail but refer to [167].

Another way to avoid the inelastic collapse was proposed in [69, 104]: As
soon as an approaching collapse is detected the velocity vectors of the involved
particles are rotated by a small angle (e.g., 5◦). This rotation transforms part
of the normal relative velocity into tangential relative velocity and interrupts
the collision sequence.

In our own research we have been mainly interested in simulations of al-
most elastic particles, i.e., ε ∈ (0.99 . . .0.9999). For such small damping, co-
herent motion of very many particles is necessary to allow for an inelastic
collapse. Hence, the effect was not observed.

3.10 Granular Gases

3.10.1 What are Granular Gases?

The simulation of granular gases is the main application of event-driven Molec-
ular Dynamics. The term granular gas is not uniquely defined in the literature.
Frequently, granular gases are defined as rarefied granular systems for which
the mean free path between collisions is much larger than the particle diam-
eter. With this precondition the assumption of molecular chaos is justified,
i.e., the assumption that particle collisions occur temporally and spatially un-
correlated. At the present time the statistical mechanics and kinetics of dilute
granular gases belong to the most intensively studied subjects in the field of
granular matter. A review on the rapidly developing state of the art can be
found in [42, 215, 218].

In a less strict definition the spatial configuration of the particles is dis-
regarded: Granular gases are systems of dissipatively colliding particles for
which the typical time lag between successive collisions of a particle is much
larger than the duration of a collision. In this case the duration of the colli-
sions can be neglected, i.e., collisions are considered to occur instantaneously.
The latter definition, hence, also includes dense systems, provided the parti-
cles are stiff enough to assure that the duration of the collisions is negligible
for the description of the dynamics.
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Although both definitions are very different with respect to the physical
properties, any system which is described by either of these definitions may
be simulated using event-driven Molecular Dynamics.

Consider a uniformly distributed granular gas in the absence of external
influences, such as gravity or container walls. Due to dissipative particle col-
lisions, the particles slow down eventually, i.e., they lose part of their kinetic
energy. During the first stage of this process the gas stays homogeneous. This
part of the gas evolution is called the homogeneous cooling state. The term
cooling refers to the granular temperature, which is defined as the mean kinetic
energy of the random motion of the particles, in analogy to the temperature of
common molecular gases (see (4.2) in Sect. 4). Contrary to molecular gases, the
temperature of undriven granular gases decays persistently. Dissipative colli-
sions are also the reason for the time-dependence of the kinetic coefficients,
such as the coefficients of diffusion, viscosity, and thermal conductivity. Even
the velocity distribution of the particles is time-dependent for granular gases.
Some of these characteristics evolve in a rather complicated way.

Using methods of statistical physics, the exciting and uncommon physical
effects in granular gases have been intensively studied, such as deviations from
the Maxwell velocity distribution [39, 41, 75, 95, 283], anomalous diffusion [40],
shock waves [96, 97], self-organized formation of vortices (large scale velocity
correlations) [45, 201, 285], and others.

The most exciting effect, however, is the spontaneous formation of large
scale clusters in freely cooling granular gases, which has been investigated first
by McNamara [179] and by Goldhirsch and Zanetti [93].

Most of the theoretical results have been obtained for infinite systems and
with certain simplifying assumptions which have to be checked numerically.
The larger the simulated systems the more precise numerical measurements
are possible. A detailed introduction into the kinetic theory of granular gases
can be found in [42].

3.10.2 Cluster Instability

An initially homogeneous granular gas at a certain granular temperature cools
down due to inelastic particle collisions. At early times of its evolution the
gas stays homogeneous and isotropic, i.e., there are no macroscopic inhomo-
geneities nor flows (homogeneous cooling state).

At later stages of its evolution, the gas becomes spatially inhomogeneous
and pronounced density inhomogeneities develop. For small systems the for-
mation of such clusters can be observed after few minutes of computer time
using the simple algorithm as described in Sect. 3.6. Figure 3.19 shows a
granular gas of N = 3,000 particles which interact via a constant coefficient
of restitution ε = 0.95.

The formation of clusters can be explained qualitatively by simple argu-
ments: Due to statistical properties of the gas the density field undergoes
fluctuations. In denser regions the particles collide more frequently than in
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Fig. 3.19. Formation of clusters in a granular gas of N = 3,000 particles with
reflecting boundary conditions. Left : initial state. Right : snapshot after 550,000 col-
lisions

more dilute regions. Therefore, dense regions of the system cool down faster
than dilute regions, and the local pressure in these regions decays as compared
with the pressure in dilute regions. The resulting pressure gradient causes a
flux of particles into denser region, i.e., the flux further increases the density.
From these argument follows that an initially small fluctuation of the den-
sity is enhanced which results in the formation of clusters. The homogeneous
cooling state of a force-free granular gas is, therefore, unstable. The described
scenario is called a pressure instability [93].

While the pressure instability was numerically investigated in 1993 using a
system of 40,000 particles, where up to a total of 107 collisions (500 collisions
per particle) were observed [93], the rapid evolution of computer technology
together with efficient algorithms allows now the investigation of much larger
systems over longer time. Figure 3.20 shows the evolution of a homogeneously
initialized granular gas with periodic boundary conditions of N = 106 particles
over a period of 108 collisions, i.e., on average each particle was involved in
200 collisions. The simulation was performed on a PC with a 3-GHz Intel P4
CPU and lasted for about one hour.

3.10.3 Some Open Problems

While the kinetic theory of molecular gases is complete (except for some very
complex mathematical issues), there is a wide variety of open problems re-
garding the physics of granular gases. It may be expected that the complex
behavior of dissipative (granular) gases will still be of interest to theoretical
physicists for a long time. Explaining most of these questions appears to be
difficult without giving a profound introduction into the kinetic theory which
would go far beyond the scope of this book. Here we name only three rather
different problems which are still waiting for solutions.
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Fig. 3.20. A force-free granular gas of N = 106 granular particles after 108 collisions
(top left). The other frames show magnifications. Top right : zoom factor 3; bottom
left : zoom factor 9; bottom right : zoom factor 27

Long-Term Behavior of a Granular Gas

While there is a number of theoretical results for the homogeneous cooling
state, not much is known about the kinetics of clustering. For a cooling gas
with ε = const, it is obvious that after the transition to the cluster state, the
clusters will persist forever. This is due to the fact that the evolution of a hot
gas differs from the evolution of a cool gas only by the time unit. The sequence
of collisions, however, and thus the evolution of all macroscopic properties is
independent of temperature. Therefore, for the case ε = const, the absolute
value of the temperature is unimportant since scaling of the particle velocities
does not change the sequence of particle collisions.

The situation is different for more realistic gases of viscoelastic particles:
Since the coefficient of restitution ε is a decaying function of the impact ve-
locity (see Sect. 3.2), for decaying temperature the particles collide more and
more elastically. For t → ∞ the particles collide perfectly elastically (ε = 1),
just as in a molecular gas. A molecular gas, however, stays homogeneous in
the absence of external forces.

Hence, the described scenario of cluster formation refers to a granular gas
whose particles collide with a constant coefficient of restitution, but not nec-
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essarily to a gas of viscoelastic particles. Since the particles in dense (cool)
regions dissipate on average a smaller fraction of their kinetic energy per col-
lision than particles in dilute regions. In analogy to molecular gases, they
tend to dissolve inhomogeneities. It is not obvious à priori whether the clus-
ter regime is stable after a long time or whether the system returns to the
homogeneous cooling state.

To solve this problem theoretically, the time scales of cluster formation
and spreading of particles, i.e., cluster dissolution, have to be estimated. This
problem is difficult and so far has not been solved.

Figure 3.21 shows the evolution of granular gases of particles which collide

Fig. 3.21. Snapshots of the evolution of granular gases of N = 105 particles. Top
series (8 figures): ε = 0.95 = const is assumed. The snapshots are taken after 0, 107,
1.5 × 107, 2.5 × 107, 1.5 × 107, 108, 2 × 108, and 3 × 108 collisions. Bottom series:
viscoelastic particles with ε = ε(g). The snapshots are taken after 0, 107, 2 × 107,
3 × 107, 108, 5 × 108, 109, and 2 × 109 collisions
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with ε = 0.95 = const (top) and of viscoelastic particles with ε = ε(g). Both
gases consist of N = 100,000 particles. The parameters of the gas of viscoelas-
tic particles are chosen such that initially ε

(
vT (t=0)

)
= 0.95, where vT (t=0)

is the thermal velocity at the initial temperature T (t = 0) = 1. Therefore,
initially both gases behave identically. As expected, for ε = const clusters
occur earlier since after some cooling the viscoelastic particles collide less
dissipatively.

The last snapshots of the sequence may suggest the conclusion that the
clusters dissolve for the case of viscoelastic particles, i.e., the simulation sup-
ports the hypothesis that cluster formation is a transient phenomenon (see also
[43, 214]). Note, that in the sequence shown in Fig. 3.21 system-spanning clus-
ters appear, which contradicts the precondition for applying periodic bound-
ary conditions (see Sect. 3.8.2). Therefore, the impression of Fig. 3.21 may be
misleading.

Heated Granular Gas with Gravity

Consider a granular gas which is heated from below in a gravity field. In a cer-
tain range of system parameters we observe a dense cluster of almost perfectly
hexagonally-packed particles, which floats on top of a dilute granular gas (see
[184] for details). A snapshot of this system is shown in Fig. 3.22. The upper
part of the cluster is organized in a crystalline structure, including defects
as domain boundaries and voids. For a given container geometry, (constant)
coefficient of restitution, and driving temperature, there exists a minimum
number of particles for the emergence of the floating-cluster configuration.
For smaller particle number a density profile close to the barometric formula
is found [74].

Fig. 3.22. A granular gas heated from below (N = 10,000; ε = 0.98815). In a
certain range of temperature a dense cluster floats on top of a dilute granular gas
[184]. Periodic boundary conditions have been assumed in the horizontal direction
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Fig. 3.23. Snapshots of the system’s evolution. Time increases from the top left to
the bottom right. Large eruptions occur in irregular intervals

For moderate driving temperature the cluster floats at a stable height. For
somewhat higher temperatures, a relatively regular oscillation of the height
is found. For yet higher temperatures, recurrent eruptions occur in irregular
intervals. Figure 3.23 shows snapshots of the system.

While the time-independent behavior of the system has been described by a
hydrodynamic model up to very good accuracy [184], so far neither the height
oscillations nor the nature of the eruptions could be explained theoretically
in quantitative terms.

Collision Chains

In dense systems it is frequently observed that a subset of almost linearly
aligned particles is involved in many more collisions than the particles in the
direct neighborhood of these structures. Figure 3.24

shows a granular gas of 5,000 particles in a circular container with a heated
wall. The gray scale encodes the number of collisions the particle has suffered.
A more detailed analysis [75] reveals that 5% of the most frequently colliding
particles take part in about 96% of all the collisions in the system. Figure
3.24 shows that these particles are almost linearly aligned, therefore, we call
them collision chains. Such collision chains appear in a self-organized way and
are reorganized persistently. Figure 3.25 shows a collection of collision-chain
skeletons at different instances of the simulation (see [213] for details).
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Fig. 3.24. A force-free granular gas of N = 5,000 particles in a circular container
with a heated wall. The gray scale of the particles encodes the number of collisions in
which it was involved during the past 105 collisions of the total system. Dark particles
have suffered many collisions. The lattice used for the event-driven simulation is also
shown

Fig. 3.25. Collision chain skeletons from the system shown in Fig. 3.24 at different
times. While the typical sizes of such chains remain invariant, the concrete realization
undergoes large fluctuations
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Fig. 3.26. The distribution of collision chain lengths. The dashed lines show F ∝
L−1 and F ∝ L−2

The collision chains from the simulation shown in Fig. 3.24 have been
investigated with respect to their length distribution. From the analysis of
about 28,000 collision chains, the length distribution shown in Fig. 3.26 was
obtained. Obviously the distribution does not obey a power law, however,
it can be fitted by F ∝ (L log L)−1. So far neither the conditions for the
appearance of collision chains nor their length distribution has been clarified
sufficiently. Whether these collision chains are related to the force chains,
which are observed in force-based Molecular Dynamics simulations (see p. 5),
is not known either.
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